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PREFACE

The plowing problem is well elaborated from the practical side, but not theo-
retically satisfactory. Only some authors have studied this problem theoretically
[2,11,12,14,32, 48] but indeed they have not exposed the soil parameters, which
influence the process very much. Similar situation exists in the metal processing,
where the main attention is paid to the geometrical shape and the quality of sur-
face [21].

The topic problem in the present paper is to consider globally many agents
influencing the plowing process using heuristic method [37]. The following fea-
tures are taken into consideration first off all: soil parameters, implement form,
plowing speed and the process of clod forming. On that base the moldboard sur-
face is mathematically described and next a trajectory of soil particles motion
formulated, then the speed and accelerations are calculated. These allow to cal-
culate the forces acting on the plow moldboard, exerted by clod, and also the
forces acting on a shear blade, upon an edge of landside of the moldboard and on
the landside separating surface forming the vertical plane. These details are dis-
cussed later, but beneath some assumptions concerning the problem are presented.

ASSUMPTIONS

The method applied treats the plowing problem in a complete way consid-
ering the soil proportions, implement form, dynamic factors and a mechanism of
the process altogether, The trajectory of soil particles, then the speed, acceleration
and forces acting at different parts of plow bottom are calculated. For that reason
many Figures are presented in prospective views, preserving some notation and
coordinates systems. These coordinates are as presented in Fig.1a and shown later
in other Figures. They are as follows: Cartesian coordinates combined with the

field 5;51 ¥, Y3, Ogliyitatty, Oy, ¥, s, cylindrical coordinates combined with the
moldboard Orr&z, Cartesian coordinates which are combined directly with the

moving moldboard O,y y;y;, 07,2,2;, O wwyw;, Ogxx;%;, and any
natural coordinate system combined with a chosen point of trajectory line. Be-
tween them there exist all the defined transformations, allowing transferring cer-
tain values from one system to another. Also some assumption are separately
introduced for the soil and other features of the subject being studied.

The soil alone is considered as a homogenous, isotropic, physically non-
linear compressible medium, changing its parameters depending on moisture,
stress as well as strain values in conventional sense, contradictory to the logarith-
mic ones [16]. Under some load it arrives at a limit state, defined by yield criteria,
typical for certain material [15,25].



Fig.1a. Scheme of plowing.

It should be mentioned here, that in some new papers [28,29] the soil was treated
in another way, describing the deformation process as the motion of soil particles
and aggregates into empty pores, which are large enough for them to enter.



Fig. 1. (Cont.) b — projection of forces, ¢ — kinematics of clod deformation.



In the loose agricultural soils there are always some larger free spaces
filled up with air and partly with water (40+70% of soil volume). Such action
depends on the strength and dimensions of soil pores, particles and aggregates.
Therefore four random variables have been introduced in this approach. The val-
ues of these variables are:

- pore volume distribution,
- pore effective maximum cross section distribution,
- grain and aggregate size distribution,
- distribution of forces between grains and aggregates.
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Fig. 1. {(cont.) d ~ scheme of forces acting in front surface,

They are distribution function (histograms) obtained experimentally and intro-
duced for the description of the soil initial structure and its changes during defor-
mation. The method appeared especially effective in prediction of the evolution of
the pore size distribution during soil deformation and will be presented in next
paper about dynamic and volume effects of plowing.
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Under a load, before the limit state appears, the soil has two types of defor-
mations (elastic and plastic) as well as viscous flow, dependent on the rate of
process. Its deformation rule suits Kelvin’s rheological model adapted to big vol-
ume changes. The following formula describes the relation between stress and
strain tensors [36,37,40]:

S=8"+S8"=2GT' +3KT"+2AT" +3«T" (1)

where S’ denotes stress deviator, S”- isotropic part of stress tensor G, K — rigi-

dity and bulk modulus; 4, x - coefficient of resistance dependent on nondilattional
A) and dilatational (x) strains, T’ - strain deviator, T" - isotropic component of
P P

total strain tensor and T strain velocity tensor for a certain part.

P=N_+T:
Pr.lE—'D
P..e=N.: - N
Peb&'- BcN
tgot.,—sm

tge,=cosA, %8
COSA,=COSOCOSY,

Pel)

Fig. 1. (Cont) e — scheme of forces acting in landside separation surface.
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Such medium fulfils a motion equation:

,o(Ei—F) = Div §, 2)

where: o is soil density, a- acceleration of particle, F - mass force, Div § -

divergence of stress tensor; the capital D denotes its vector character, to distin-
guish it from divergence of vector being a scalar. That equation can be transferred
to another form, written in a vector notation:

(K + —g—)grad divﬁGVzn+(K+§)grad divo +AV*D = p(d — F‘) - (2a)

where V? - Laplacian, i -displacement vector, O - velocity vector. Addition-
ally that soil fulfils the equation of continuity:

a—p+div5=0, (2b)
&

where partial time derivative denotes a local derivative of density as the function
of time. On the basis of the above considerations, for certain places where density
does not depend on time, but only on place, the soil’s continuity equation takes
the following form [39]:

v gradp + pdivi =0. (2¢)

The thermodynamic and filtration process are not being considered here for the
reason of a short time of process before the soil reaches the limit state, described
by other rules [15,17,311. The application of those rules to study the action of
tools, having a flat work path, is given in [39], where the motion equation (2) is
simplified assuming a =0 at a low tool's speed 1+1.15 m/s then it becomes an
equilibrium equation. Decomposition of that equation for the parts gives partial
differential equations of hyperbolic type [47], to be solved at certain boundary
and initial condition limitations. The tool action itself evokes some limit states in
subsoil with some slip surfaces accompanying them, adequate to characteristics of
tension’s field, defined by sclution of the limit equilibrium equations. It happened
when the soil strength drawn out at the moment of equality of two main stresses
(e.g. oy = o) presenting a case of any total limit states of stresses [31, 39].

Additionally the angle between directions of the main stresses and the main
strain rates should be defined by solving the deviation equation, which, together
with continuity equation, defines certain field of the translation of soil mass, de-
fining solution admissibility from the kinematics point of view. That procedure is
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quite complicate therefore, for simplicity sake, it is assumed that the main mean
stress (oy parallel to the axis y;) coincides with the main mean rate of deforma-
tion (&;) . Then the angle between them equals 8 ; = 0.

If additionally an adequate angle & between o; and £, as well as &, and &,

is equaled to 1/2¢ then the shear surfaces (being characteristics of the stress
field) coincide with the characteristics of the strain rate field. In such a case the
maximum rate of tangential strains coincides with the slip surfaces (lines) [17],
which is schematically shown in Fig.1c. This fact is accounted for in our analysis.

A a
Qs
< }
o
N, R N,

Fig.1. (Cont.)} [ - scheme of forces for 2™ type of clod forming.

The soil being analyzed possesses also some cohesion and adhesion to steel some
value of internal friction and external friction against steel. These soil parameters
depend on components, moisture, density and the speed of deformation [36,371.
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The soil plowed can be separated from the ground in two main ways: by
compression of loose subsoil mass (Fig. la) and by tearing off each clod's part
piece by piece from a dense soil base (Fig. 1f). In the first case the soil can be in
elastic or plastic, active or passive state [42), different in form and depending on
the place. The elastic state is characterized by some dilatational together with
nondilatational strains [37] existing in a certain area (e.g. lines L,’N,'N,”L."” and
Lo'Ny'N"Ls™). The area of the elastic state exists in the area mentioned above

and in the rear part of moldboard (behind the line L/K'K"L}"). The plastic state,

creating the passive limit state above the share (Lo’ N;" N,;”L,"), does not show
any significant dilatational strain. It indicates the transverse strain only with two
families of the slip surfaces appearing there.

They cross each other at the angle of 90° - ¢ , and are inclined to the field

surface at the angle of 45° - ¢:/2, where ¢ is the angle of internal friction in the
natural state. They create some frontal surfaces of shearing in field soil to be
sometimes clearly observed. Another limit state of active type, takes place within
some area of the landside edge action of moldboard. It is spread out in a certain
zone joined at the right side with the zone of frontal action of moldboard. From
the left side that zone is gradually vanishing. The slip surfaces of that zone are not
exactly defined. They are placed in front of the mentioned edge along the plow
motion inclined to the land surface at same angle equal to 45°+¢,/2.

For simplicity, the vertical plane traced by side edge is treated as a poten-
tially side shearing surface. In the rear part of a moldboard the clod behaves like a
granular medium in elastic state, showing some cracking and breaking before
dropping down to a furrow. The process and the forces accompanying it for a
typical agricultural loose soil, having small cohesion is schematically shown in
Fig.1a with certain areas presenting some states in soil mass. The first elastic area
is a transit one with gradual increase of the tension from the natural field soil state
up to the limit state. It can be estimated running triaxial tests with an adequate soil
at the compression rate and the sample volume decrement, registered [37], similar
to the plow process being considered, based on the idea presented in Fig. 6. The
second area between Ly'N;'N,"L;” and L,’K’K"L,” is in the plastic state with
some shear surfaces. Its dimension having triangular-trapesic form depends on the
soil condition, moldboard type, clod thickness as well as the speed of plowing.
The third area (behind the surface L,’K'K"L,;” up to the end of clod) is in the
elastic state where the stresses are getting smaller for the sake of reduction of clod
moving resistance. At the end, the soil (of a granular type) is going to drop or slip
down over the surface forming certain slope ET,T}E;, dependent on the soil con-
dition and the plowing process. That slope can be defined with a simplified Sen-
kov’s formula [15]. The shear edge locally produces the limit state in the field
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soil, which is discussed later. A similar action takes place on the landside edge of
the moldboard.

The stresses distributions in some areas as well as on the surfaces are not de-
fined, therefore these data are further replaced by adequate forces, acting in cer-
tain points representing the centers of gravity of chosen parts of clod or surfaces.
These forces are transmitted from one place to another through the soil mass,
respecting adequate direction. A basic mechanism of clod separation from the
field of the first type for a granular soil (neglecting local cutting edges action)
goes that way that the part of soil above the share is lifted up. Then it is sliding
over the moldboard and also over the frontal sharing surface Ly’'N;’ N,"L,” along
the side shearing surface L,"L," N,'K’ (Fig. 1a). The clod thickness still increases
its value, sufficient to transmit some forces in the range sufficient to overcome the
soil shearing resistance on the frontal and the side shearing surfaces. In the case of
heavy dense soil (dry clay) the separation mechanism goes by tearing off piece by
piece clod parts from the field.

The plow moves with a constant horizontal speed v, but the soil in clod de-
creases its speed versus implement because of clod deformation. During that time
the clod is double bent and additionally twisted. For the first time it is bent around
the z-axis. For the second time it is bent around temporary rotation axis, located to
the right of the plow bottom. It takes place due to the different deformation rates
existing between the left and right side of clod. After that the clod is twisted,
turned and thrown side-ways to the furrow. The forces accompanying that process
are being studied independent of the forces on cutting edges. The orientation of
some forces acting upon the chosen clod element moving along the trajectory
depends on the position of that element on this trajectory, characterized by unit
vectors (tangent - 1, normal - 1, and binormal - b [7,18,30].

This creates the dynamic problem to be solved after formulation the mold-
board equation in a cylindrical system of axes (r9¢). But beneath, on a base of
Fig. b, the forces acting upon the plow are presented in a global view projected
onto the plane traced by the unit vectors ¢ and n and crossing the center of clod
gravity. Real lengths of force vectors are given without brackets, but their projec-
tions in brackets. Certain point axes and angles characterizing the problem are
also marked there.

The forces are as follow: P, is the horizontal subsoil reaction against subsoil
penetration by the share edge inclined at some angle & to that edge, Py, - soil re-
action against local soil penetration by the moldboard's side edge. It is inclined at
the angle £’ to the plow motion, Py, is the resultant force of two previous ones,
p,. - soil reaction against the clod separation from the field along the landside

surface of furrow located in its middle point C. Itis first decomposed into two
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components: N and T, inclined at an angle &’ to the field level (Fig. le), next
transformed to the natural system related to the trajectory line going through the

point C, Pg represents field action against the clod separation in front of the
share. It acts in the point B and is inclined at some angles x;, &, &3 in reference to
the y, axis (Fig. 1d). It is then decomposed into next following three components:
Pjp - parallel to the unit vector n, Ppgg - parallel to the direction 75 and Ppp -
parallel to the z-axis. G represents the clod weight charging the plow body and
both separation surfaces consisting of tangent component G,, normal G, (Fig. 1b)

and binormal G, (not shown). P, is the centrifugal force provoked by clod rota-

tion around the z-axis, continuously changing, and Py - normal force evoked by
the effect of pushing the clod over the curved implement. The sum of compo-
nents:

Py+PF

an+Gn+an:+P0=Pn (3)
gives an entire normal force exerted by the clod upon the implement. It provokes,
due to the soil metal friction and adhesion, some moving resistance 7, against the

clod motion (Fig. 1b). This resistance together with the normal force P, taken
with opposite sign gives a resultant moldboard action R; against the clod. It equals
to the geometrical sum of previously mentioned forces

R=P =P,+B.+G+P, +P,. (3a)

Adding geometrically the action of two implement edges (P, Py) to that sum
one gets the total plow action against the soil being plowed. The resultant force
P,, (Fig.1a) is located in space with some inclination to the axes of a chosen sys-
tem of coordinates. That resultant defines a reduction line (central axis) of spheri-
cal forces in relation to which the sum of moments M,, of the forces mentioned is
constant [20]. These values can be calculated providing the forces and theirs di-
rections are known or found out by means of tests run on special equipment [5].
These data and the assumption presented (concerning the plowing process) belong
to its main energetic problems. However we do not include any micropolar elasto-
kinetics problems involving the Cosserat brothers’ theory [23] to be presumably
helpful for more precise investigation.

MOLDBOARD EQUATION

Directrix and generating lines (Fig.2.) define the moldboard here. This equa-
tion is given in a cylindrical coordinates system Ogr 9z, Fig. 3. It is for simplicity
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assumed that a directive curve of the moldboard surface makes a segment of an
ellipse, defined by the equation defining the radius of that curve:

gyl Peta 4
(%) l+ecosd “

2

. c o :
where p = — is a parameter, e = —{] denotes eccentricity, « and b - bigger
a a

and smaller ellipse axis, ¢ - focal ellipse length.

That curve is constructed in such a way that it goes through three points Gy,
B,C (Figs 2a, 2b) adequately chosen for the implement designed. This formula
adopted from the ballistic technology [1] can be written in a form:

1, rp[sin(45" — %) +cose]
ry Sin(45° - %) 4+r,Cc05¢8 ’

(5

where: € is the angle shown in Figs I, 2a and 1, =7r.=R, r,=R+AR,

&= R It is also possible to use another curve for the directrix line e.g. a

segment of the circle (€ = 0, p = 0), parabola (g = 1) or hyperbola (g)1), (or verti-
cal straight line for p = 0). The generating lines go through the chosen directrix
(k) at different angles ¥ corresponding to the y angles (Fig 2c). An alternation
of they angles from the basic one % » ¥ depends on the type of moldboard.
Here the following formula is used [41]:

AT =7 = Vmin = By(9) =k, [1- cos($ - 8)] (5a)
where the coefficient k, is expressed by:

¥ = Vmin

N=—==— (5b)
1 —cos(&—4,)

The value of the chosen angle y (in radians) corresponds to the 4 angle, but
here & stands for y,;, (Fig 4). The coefficient £, has an undefined value for 9= 9.
That problem can be considered near the & value, but then Ay = 0, therefore
this fragment should be excluded from consideration. For the moldboard of a
cylindrical type k,= 0.
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Using above relations, considering Fig. 3 and putting: r;’ = r + Ar;’ one can
write the moldboard equation in a form:

r(82)=—2L 2k [1-cos(8—9,)]-sin{9 + 2k, x
p

" 1+ecosv
X (1+ecos@)[1-cos(F-4,)]} ©
For practical reason this equation can be simplified to the form:
r(%)=—2PF 7k [1-cos(§~9)]sin 9 (6a)
l1+ecosd

In that form the moldboard equation is applied further in this study.
PLOW BOTTOM ACTION

That problem has already been described in previous chapters. Here only
some hints are given clarifying the reasons for the simplifications introduced.
Behind the first transit elastic area begins the plastic deformation area presenting
the passive limit state [42], with the slip surfaces Ly'N,'N,"L,"” (Fig.1a), creating
two families of shear surfaces (lines), crossing one another at the angle of 90° - &
where ¢y is the angle of soil internal friction. These surfaces of a convex shape,
later replaced by planes are inclined against the upper clod surface at the angle:

4
2

which is measured in a plane traced by two main stresses; the biggest one (&) and
the smallest one (g;). The main stress o is parallel the to the upper surface (Fig.
1a). This stress depends on the resultant force R; presenting the implement action
against clod and it is spread out all over the implement’s surface-clod contact.
Next the force R; is transferred through the clod to the frontal and the side shear
surfaces. They induce certain stresses all over those surfaces adequate to the limit

states evoked there, giving shearing resistance forces P, P (Fig.1b). Contrary
B2 e

Bz =45 - @)

on a small contact area of clod with the implement (L) L'L'L, , Fig. 1a) the soil

a i
behaves like to be in an active limit state, presenting the case of negative friction
{42]. The soil charges there the implement with the inclination of highest main
stress to that surface at an angle schematically shown in Fig.5:

£, =L1(p-arcsin 2

8
sin ¢ £
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where @ denotes the angle of soil metal friction whereas ¢ - the angle of clod’s
soil internal friction.

This problem is essential for particular soil (sand) cultivated by shallow
plowing and it can be neglected in other cases. Sometimes the inclination angle &,
can have the opposite direction. It happens during the implements upwards lifting,
than the soil has a tendency to slip down, like from a ladder’s shovel [42]. i can
also, but very seldom, happen that a part of soil mass being in the passive limit
state, presses upon certain part of the steel surface with the biggest main stresses
at the angle:

£, = 1 180° - p — aresin 2)
2 sin ¢ (9)
Such a situation may exist during deep dry sand plowing, giving the effect
similar to that, seen during the action of a bulldozer’s blade or loader’s shovel
[39]; neglecting the difference between implement inclination to the motion. The
plastic area, discussed in second chapter, vanish behind the surface L,'L,"K'K"".
Next there begins the elastic area and it exists up to the moment of dropping the

clod to a furrow. This process is important from agricultural viewpoint and will
be discussed later,

Many features concerning the plowing problem are not precisely known. For
example we do not know the way of the decomposition of the resultant force R,
(acting on the implement) for certain parts. We also do not known the stress and
strain distribution in soil mass subjected plow action nor the problem whether the
main strains’ rates (£,, £,, £,) are parallel to the main stresses (&,,0,,0,), inall

places of that action, which is important from the kinematics point of view [17].
The pattern of connection of two separation areas (i.e. the side shearing area with
the front shear area) is also unknown. Similarly the local stress distribution for
the cutting edges (share and landside edge) is not exactly known. We can only
assume that in front of those edges some limit states are being produced, depend-
ing on soil condition, cutting edge dimensions and a medium depth of soil pene-
tration. Those actions are treated independently of other plowing actions. To cal-
culate this resistance a formula was adopted from [39,40] which for the case of
the share edge (Fig. 7f) is:

b
P, = _n—ff,[2cf ctg(45° —%) +7,a,cg’ (45" - %f*)] (10)

o

where: a; by f,, ¥ are dimensions of the clod and share, £, = 0.5 cm stands for the
thickness of the blade, y, is shown in Fig.4a, whereas ¢; ¢; y stand for the cohe-
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sion, angle of internal friction and unit weight for the soil in natural state respec-

tively. This force acts against the edge at the angle: &, = & (eq. (9)). Another
force acting on the landside edge (Fig. 7b) can be expressed by:

¢, 1 2 ¢
P, =a,f,[2c,ctg(d45 ——Ly+—y a, ctg*(45° - L
w = agfyl2c, ctg( 2) S g7 ( 2)] o
where f, denotes the estimated thickness of the landside edge (equal to about
0.5+1cm). It acts approximately at the angle

&= —a-Aa (1a)

related to the direction of implement movement, where &, is defined by eq. (9)
and 4a is an increment of the angle related to Y2 a;.

The resistance of clod separation appears also on the landside surface of
the furrow (approximately on the surface O,Ly,'N," (Fig. 7a), but they are small
and mainly dependent on the soil cohesion ¢ as well as the area of that surface f,.
The mechanism of appearance of this resistance is not precisely known. Probably
the land side edge, having a wedge shape, lifts up the soil, than locally some so
called active limit state [42] is produced there, schematically shown in Fig. 7d.
This evokes, near the upper part of field soil especially cohesive and with plant
roots, the appearance of the area of extension stresses (Fig. 7c), with existence of
some compression stresses deeper in the soil. This was presented in the diagram

in Fig. 7f together with adequate Mohr circles (M, ) for vertical plane CL,
(Fig. 7¢).

For a cohesionless soil the compression stress stretch along the whole
plowing depth. Similar problem exists for the loader’s shovel discussed in [39],
but here it is much simplified. The landside clod separation evokes the extension

stress distribution in cohesive soil in the vertical plane Ly'O, N,’ (Fig. 7a) to some
depth [42,45], Fig. 7c:

2
y? = L tg(45° +fl) (12)
¥Yr 2

and fulfils the stress relation valid for the active state:
o, =0y =-2c, tg(45° —%f) +7, .18 (54° - ’if) (12a)

Oy =¥;¥2s (12b)
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o, =k,o,. (12c)

Here k; 1s a coefficient of so-called lateral soil pressure at rest which
amounts 0.4 — 0.8, but for overconsolidated soil its value is bigger and equals 2.5
— 3 [26, 45]. Beneath the depth yJ the area of soil compression starts. The active
state exists between in region marked by the line O,L,’ (Fig. 7a) and the horizon-
tal lines Oy, Ng-, O, Np (Fig. 7b) inclined at the same angle & <y to the right and
left side of plow motion. In that area some slip surfaces often appear (horizontal
lines in Fig. 7b) crossing the main stresses oy and o (see enlarged element ¢ at
the angle of 45° — 1/2¢,. This shearing process can take place in the soil element
¢ (also in the subsoil) along the plane 1536 or 2143 or even along the surface
253, depending on the alternating values of o (eq. (12b)), o; (eq. (12c)) and oy
(eq. (12a}, see Fig. 7f). Accepting the vertical position of the landside separation
surface, the normal stress o, and the tangential stress r can be calculated for a
certain point, {e.g. F in Fig. 7). Assuming that the half part of the total surface of
the landside separation surface approximately equals:

2

af ! 0 ¢f
=— , tgf'=cosy,tg(45" — L), 12d

soil can well resist against separation with the average stress values expressed by
the formulas:

f.

O =%(a:’ +a?) =%{}'faf[l—cos(90° - @)1+

(13)
+[—4c, tg(45° —%f)+ y,a,1g*(45° —%f)][ncos@o“ -4}
Tew =l(.z-"! +To) =l{}’faf +[4Cf tg(450 _% B
2 4 (13a)

~y,a,tg? (45 —%f)]sinwo" -4,))

where the upper indexes refer to the values of o; (eq. (12a) and &; eq. (12b)) for
depth values equal to y; = 0 and y; = a Thus the average values of the normal
and tangential components of the landside separation force attached in the point
T are described by:
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]‘ffll :rfl.if(.' (14)

giving the resultant force P, .
The tangent component acts in the opposite direction to the absolute motion
velocity of clod’s particles versus the field level at the angle (Fig. 7a):

Uj- sinx

cosa —u,

a =arctg
3)

—-a—Aeg, (14b)
!

where v, is the velocity vector described later (see Fig. 8, v;) and Aa is de-
scribed by eq. (11). This component helps to pull up the clod as it was described
in [47]. The normal component N,,,, can have a positive sign (pulling force) or a
negative one (pushing force).

The biggest resistance forces against the separation of clod appear on the
front separation surface Ly'N;'N,;"L," (Fig.1a) in the cross-section - line Ly D -
(Fig. 7g). It practically covers all the main resistance of the clod motion taking
place at the moldboard. In other words, it amounts to the geometrical difference
between implement force R;=P, and the rest of the forces accompanying the
plowing press, which is schematically presented in Fig. 1b by the following vec-
tor:

P, =R -(P,+B, +G+P). (14c)

The action of two cutting edges P, and P, is excluded here. This problem re-
quires a separate treatment, together with the soil mass transport problem, which
is connected with the moldboard shape and the rate of the process and it will be
presented in the next chapters.

SOIL MASS DEFORMATIONS AND ITS BEHAVIOUR ON THE PLOW BOTTOM

The plow action evokes some effect of speed decrement of the soil mass en-
tering the moldboard caused by soil deformation described using the continuity
equation (3a) specially adapted, written in the Ow,’w;'w;’ coordinate system
combined with the moldboard (Figs 1a, 2). The soil mass is at first submitted to
compression in the elastic area (Fig. 1c), with increasing intensity dependent on
the plow position versus subsoil.

In that area, equation (1) describing the relation of stress tensors in reference
to the strain tensors as well as to their rates, should be defined by triaxial test
[37,38] based on the idea presented in the Fig. 6. Some of the results of such tests
respecting previous noiations are quoted beneath and used for the discussion of
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our problem. Considering the two-dimensional state of soil deformations when
the displacement u; = 0 (in the W} direction) and v =, it is possible to trans-
form the continuity equation (3a) into the form [37):

d_ll,+ d‘f =&'.] +£", =_£L_(apr: + épn 50-:::)_
dvl avl ) p o a’vl é’o-m a/""I (] 5)
i, b7/ .
By | Py Fony_ p
pu d/vl aanr aVl
In this relation
1 p,
o'm=§(a,+0"2+0'3), > 3 =K, (15a)
is the mean stress in a point being considered whereas
AP0 _ e (15b)

denotes the coefficient characterizing a change of density of soil exposed to hy-
draulic pressure (o, = ,,), and

. _AV
£, =—
14
is the rate of dilatational strain measured in triaxal apparatus (Fig. 6a) from the
beginning up to the moment of appearance of the limit state in sample (the end of

volume decrement). Such results, for loess and clay, are given in [37]. They are
based on the rule:

(15c)

£ =3A4 -4, =3(4-8,)-¢,. (16)

where A&, stands for velocity of vertical strain of sample, after applying
addtional charge, producing the vertical stress o.

The value £, refers to the strain &£, when the hydraulic pressure is applied
to the sample, thus &, = 0 and Ag, = £ . In this way it is possible to calculate

Aél =“':‘I :%(é-l-éu)’ 25.-1 =é|_, _é|- (]68)
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Let us next locate a soil element of adequate length, with its cross-section
(square) equal to that of the sample in the elastic area of the field plowed (Fig.
1c). Let us assume that this element, being in two-dimensional state of strain,
possesses the following values of strain rates coinciding with the main strains:

: _Aw . A, ; _Ady
vEAL T T AL T A

=0, SK))]

where: Alf,Al;, Al denote initial dimensions of the element being considered and
Ay, Aty , Ati, correspond to the rate of the local length change. Assuming similar
soil properties as well as similar mean stress o, and mean strain velocities for

both cases:
b= Wlere+8)= Y4, (17a)

one is allowed to use the results of triaxal tests to estimate the thickness of the
elastic area, created in front of the share, at similar rates for both processes. It will
be done later but firstly some data are presented. The test results for cohesive soil
(loess, clay - moisture 12 + 17.8 %) are as follow [37]: D = 37.6 mm, { = 79 mm
(Fig. 5), ;= 0 = 0.05 MPa, ;= 0.1 + 0.25 MPa for relatively small deformation

rates (éu =0.05s", A§=¢=z0.15 s"). For the assumed reasonable piston

velocity equal to 0.014 - 0.046 m/s shearing time = 0.5 s for £,= 0.02+0.0535, 4z,

= ATI = 0.13+0.25 and sample density p= 1.5+ 1.7 t/m’ (reaching 1.88 vm?® for

moisture value equal to 17.8%). At higher deformation rates the shearing time
equals 0.04+0.035s and the adequate values are following: for

&y, =03+055",6, =1.7=2s", and for &, =0.02+0.048 Ac,v = 0.08 +

0.18 (smaller at higher speed) for vertical stresses oy, = 0.2 + 0.35 MPa (o7 as
before).

It should be noted that at higher velocity values the sample deformations
are smaller, up to the moment of reaching of the limit state. This proves an exis-
tence of strain concentration regions in the samples at higher vertical stresses oy,
Probably similar phenomena exist during the plowing process. Also the cohesion
and the angle of soil internal friction grows up when the piston’s speed increases.
For the sand these variations are smaller. Additionally some memory effect was
observed during other triaxial special tests with repeated vertical loading of the
sample [38). The sample (particularly that of wet clay) submitted to that process
had been contracted in volume, independent on some charging-discharging effects



Fig. 2. Directrix and generaling lines: a - perspective view, b - construction of directrix, ¢ — gener-
ating lines.



24

up to the moment of reaching the limit state i.e. the end of the sample contraction
(shearing).

Having the data cited before, and assuming or testing in the field the distri-
bution of the volume strain rates in the elastic area, in front of the plow bottom,
(schematically presented in Fig. 6b} it is possible to estimate the time needed to
produce the limit state. It should be measured from the first up to the last moment
of volume decrement of field’s soil element. It is obtained by the assumption that
the work done in both cases is the same and the time for field soil compression is
in some relation to that obtained by triaxial test in comparable conditions. This

relation is obtained by replacing the £, curve by the .'E‘Lu line representing the av-

erage volume strain rate (Fig. 6b); areas under lines £,,£,, for some distance [, ,

are equaled.
In the triaxial sample on the contrary, the rate of volume strain is equal to

£U" within the whole length / (Fig. 6a). Assuming the same areas of cross-

sections of triaxial sample and field’s element, even having different shapes in
cross-sections, it is possible to write the relation:

gl =%, 1, =¢ (17b)

e u

(compare Fig. 6a with Fig. 6b). It is justified, because the average rate of strain .?u

provoked by same average value of stress tensor § (eq. (1)) after the time 7, corre-
sponds to the relation:

e =g =&"t (17¢)

. =—, (17d)

where /, is a length of field’s soil element and

U, =U,; =0, siny, (17e)
is the component of plow velocity in the direction of w’; axis (compare Fig.lc).
Putting next the same relation, where #n, is a coefficient, it is possible to calculate
the time:
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v, |
7 == (79
gUV Upi:!

U, N
o=, (17g)
Upi.u

which is necessary to provoke the field's element to be sheared off starting from
the beginning of compression up to the end of volume element contraction. The
plow bottom is then transferred for the distance representing a length of the elastic
area in field. It allows us to calculate the formulas for the linear strain rate at the
end of the elastic state for the problem being considered. They have the following

final form:
L . ‘+l
| Upe (vp smyz)"
pe 'tc -

’.;'U,,'Sin}’z=70—y,—-'f" (18)
pist

It allows us to calculate the linear strain rate at the end of elastic state:

iy
v
. ! . fi .
£" =& =( ”'J &l (19)

pist

pist

where 1, denotes an empirical coefficient and £, represents the rate of vertical

strain for sample shearing in triaxial test at higher speed. For example admitting
that n, = n, = 1/2, one receives 1, = 0.05 s and the dimension of area in the direc-

tion of the w| axes as the value equal to /, = 1.24x0.04x5.4x0.62 =~ 0,054 m for

é"fi =1.24x2 = 2.485" from the following assumptions:

U, _14sin38°
it 0.55

v, =14m/ =skm/ 'y —os5m/ 5, =38 (19)

pist

&' =257, t, =0.04s, =1.56

When the soil reaches the limit state then £, becomes zero and the first
shear surface appears. At that moment some soil elements possess the linear strain
8:: » which next grow up (curve £ behind the point L, with strain rate 6‘5 "y hav-

I |
ing practically constant value; neglecting some changes provoked by the increase
of stresses caused by a growth of the clod thickness. The soil element transfer
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from the elastic to plastic state takes place when the conditions defining the limit
state are fulfilled [1,6,31]. These conditions for soil being in the so-called full
plastic state are described by Haar-Karman’s hypothesis [35,46] valued when two
of the main stresses are equal to each other i.e.

0, =0,>0,010,>0,=0, (19b)

giving two limit conditions. In another case it is impossible to receive a solution
for the problem of the limit state, without additional assumptions, concerning the
physical aspect of soil deformation problem. Then the relation given by eq. (1) is
not valued. Instead of this some another relation should be introduced describing
the stress conditions at the limit state. For soil medium it’s convenient to apply
Coulomb-Mohr’s hypothesis giving the dependence of shear stresses from the
normal stresses, which in a general form is:

r = flo). (20)

However further, for cohesive soil, a simple commonly known equation is
applied:

T=c+o, tggd, (20a)

where ¢ denotes cohesion, and ¢ - angle of soil internal friction (adequate for the

speed of the process being considered). During the time when the soil element is
subjected to the stress adequate for the limit state, those stresses are fulfilling the
motion equations, which are received from the equation (2), by rewriting into
separate components (presenting Cauchy's equations) [26,41]:

oo
pla, -F, y=—X. @D
Ox

r

For slow processes (a, = 0) they become equilibrium equations. The solu-
tion of such equations, if it is to be found in a particular case, respecting the con-
tinuity equation (3a) where divi =0 as well as boundary and initial conditions
leads to a determination of the shear surfaces in some area, [35,40,46]. But this
problem is difficult in realization and in many cases it is suggested [6] to draw a
pattern of expected slip lines, fulfilling certain conditions, than to check it.

This procedure is applied further, together with accompanying simplifica-
tion, acceptable from the technical point of view. Some details of the problem are
also separated (Fig. 7) and discussed individually. Thus the clod, as mentioned in
second chapter after cutting off (Figs 7b,f) undergoes separation from the field
along the side wall surface L,’O, N,’ (Figs 7a,d). It is separated also along the
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whole front shear surface L,'N;’N,;”L;" (Fig. 1a) and next is being pushed to the
moldboard with some relative speed vg. This speed will be decomposed into
three components, defining the clod’s transverse speed vgg, radial speed v,y and
also its displacement speed v,z along the z-axis.

CLOD FORMATION AND MOTION OVER MOLDBOARD

The clod possesses an elastic area at the head, next the plastic one with the
shear surfaces, where an effect of crushing, bending and shearing appears [6]
crossing the upper clod surface at the angle 45%¢2. It vanished on the last line
(surface L;’L,;”K,"K}) presumably starting between the middle and the end of the
share. Over there intensive clod deformation takes place, going on with the rate of

linear strain é: ! (Fig. 6¢c) within the time dependent on the length of that area;

bigger in the upper part.
These phenomena are responsible for the crushing process and the time of
clod deformation and in that way also for the clod's thickness growth and soil

mass transfer in the field. The linear strain deformation rate é'f," may be estimated
3

by assuming that it has a constant value in the whole plastic area of the medium
length ., but the dimensions and the strain rates distribution in that area are not
known. They depend on many factors and require special investigations,

It can be assumed here, that the medium length of the plastic area lum is equal
approximately to the clod thickness a, in that area. For a practical purpose, it is
also convenient to include a half of the length of the elastic area /2 into the men-

tioned area (eq. (18)) possessing the rate of linear strain £ ‘f’ - (eq. (19)), Fig. 6c.

This procedure allows us to estimate the velocity decrement in both areas: elastic
and plastic having a substitution medium length (Fig. 7e):
1
l, = E[’ sl - (22)
Behind the plastic area L,’L,”K”K’, (Fig. la) the elastic area with decreasing
tensions appears again.

In the rear part of the clod there may sometimes appear an area indicating a
phenomenon of slope sliding along the surface T, T; E E; . Such problem can be,
to some extend, solved as a slope stability problem by defining the slope line us-
ing a simplified Sienkov’s formula [14], written in a moving coordinate system.
Here, for simplicity, it is assumed that the clod sustains its movement up to a
moment of arriving at the end of a moldboard, suspending its dimensions received

at the end of the plastic area. That part of clod of the length /,, behaves like a
granular medium subjected to the action of forces discussed later. The clod de-
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formation in that area is practically equal to zero. Its motion is smooth providing
sliding effects does not destroy it. Such effect, typical for dry sand, causes the
clod thickness increase and disturbs the clod's proper movement. The process is
getting similar to that observed in the action of bulldozer blade inclined at an an-
gle to the direction of motion. However this problem is behind our considerations.

The soil particles located near the implement surface, subjected to the proc-
ess possess at the beginning the relative speed v, = -u, equal to the plow speed
but turn in the opposite direction, next taken as | v, |. This speed is decomposed
into three components as it was mentioned before. One component corresponds to

the direction w; = z (Fig. la):

Uy = Uy =0, CO8Y,, (23)

wib
next one has the direction compliant with w, axes (transverse speed in Fig. 1 c):

Uy, =V =vsiny, cosg, (23a)

i
and third one is the radial speed parallel to the w; axes:

Vyp =0, =0, siny,sing. (23b)

The angle 7 stands here for the second generating line (see Fig. 4) repre-
senting an average inclination value for the soil particles moving near the centers
of clods' cross-section. It is assumed that component v, in the elastic and plastic
area does not change its value because of soil deformation, as the considered soil
element during translation does not change its length in that direction:

(g, =&, =0), certainly neglecting some discrepancies. Both components v,

and vy, change their value at the beginning of the process near the implement
surface mainly due to the direction change, but the length of the resultant velocity
. . =p s = ~ . A

is preserved (Fig. 8): |th | = IUW:bl = |U P Urbl . The soil deformation can be con-

sidered in another way presented in Fig. 8c. The plow bill L approaches the soil
with the velocity v, being the transportation velocity v, of the soil particle

moving parallel to the landside cutting edge with the relative velocity u,..

We will further consider the situation when the soil element placed in the
field along the w', axes would have the length {5 {(measured in the direction of 9
coordinate). It would, after deformation in the range of elastic and plastic area,
decrease for the length /,, (eq. (22)); measured as an arc in the center of clod:

-

1
=l by =y = Ay = L(1-&t,), 24)
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pl'

where &, = £'. denotes the linear strain rate of soil plastic deformation.

Thus lhe adequate length in the field in the direction of implement motion
{v:), before soil deformation starts, would have the value:

L l + Al l , a1

eplep
sin yz siny, siny,

where 7, is the inclination angle of 2™ generation line (Fig. 4). Hence the time of
clod’s soil particles presence in the elastic and plastic area is:

Ly L,
f,=—t=—0 (24b)
v, v,siny,~£ lq,

Io=

A

(24a)

The clod thickness at the end of this process can be estimated after as-
suming two-dimensional state of clod deformation (Fig. 1c) and applying the

continuity equation in a simple form (£, =0). Thus

1 Al 1L—-1"Aa
E+é, 2 ———L 4 —— <=0, (24c)
e lep tcp a,
Then £, = —£, and the clod thickness increment is:
Al .
Aa,=—%a =ét 0. =—éa,, (24d)
o K,

where the following notation was used: a, represents the depth of plowing
whereas the coefficient of clod pulverization x, together with the clod thickness
a, after time 7., can be calculated on the basis of the following equations:

K, =Le (24¢)

7y

I
a,=a,(1+—éz,). (24f)

}"

The particle velocity vy, having the value vg, (eq. (23a)) at the beginning would
drop down its value dependent on the position of point being under consideration
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x,=z

Fig. 3. Plow board surface in cylindrical coordinates Oprz.

{time of deformation) in accordance to the formula:

V,, =0, — &AW, 20, =u, —£1,9 (25)

Wy

In this equation &, stands for the linear strain rate in the 9 direction, Aw, is clod
length dependent on the time of process duration, which had been already run,

Aw, = Aw, =u, At {25a)
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where v, is the velocity component in ¢, = & direction (tangent to the imple-

ment cross-section in the plane traced by coordinate @ (Fig.1a), r. - radius of the

center of clod’s cross-section at a certain moment. However for plastic area (e.g.
BB, in Fig. 7g)

(25b)

At=1, Avy=1=a_.

Considering the clod formation we do not know the distribution of velo-
city components just after this process starts. That is the reason, among others, for
the simplifications introduced. Thus, the soil’s speed component v, does not de-
pend on soil deformation in the area of elastic and plastic deformation in the z-
direction. It only depends on the angle A of resultant speed inclination to the gene-
rating lines, discussed later. But the soil velocity component vy in the & direction
in the area mentioned changes its direction and also its value in accordance with a
certain equation (see eq. (24)). The resultant velocity of two above mentioned
components (v, , vg), refereed to the radius r,, is expressed by the following for-
mula:

e r.9 .
v, =y, +0,’ Evﬂ\/wszma—Lfsm% 26)

8, siny,

It changes its value depending on the 9 angle, in reference to time 7., (see
eq. (24a)), being the time of soil particle existence in the elastic and plastic areas.
During the plowing process the clod’s particles rotate around the z-axis with an-
gular speed:

8-8 v
w, = g = % (27)
t - tﬂ ’;
changing its value with time (index ,,s” refers here certain value to the center of
the clod cross-section); ¢ is the time of process measured from beginning (¢ = ).

For example assuming the clod length being considered: plowing speed: v, = 1.4

m/s, rate of linear strain; £,{‘: = ¢, =2.48 m/s,

Aw zrd=1_= %le +l,, = %0.054-1-0.2 =0.227m,
(27a)

[,=0054 I, =a =a, =02m

f
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Fig. 4. Changes of moldboard parameters: a - angle y, b - radius r,

angle: y, =38" (Fig. 4a), £ = 25° (27b)
1
radius:r, = r, - Eaf =0.38- % 0.2 =0.28m ,(Fig.4b).

Then one receives from equation (26) the mean speed of clod in the elas-
tic and plastic areas: v,=1.22 m/s and time ¢,, = 0.159 s. From here we get the
component in the z-direction v, = 1.22co0s38° = 0.96 m/s. Then after some calcu-
lations the component in the & direction equals: &g = 0.68 m/s (compare eq. (23)

=0.68 = -
and (23a)) and finally @, = 0.28= 243 57,
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Except that rotation the clod possesses also some additional rotation @,
around the temporary center of rotation O, laying down right from the end of the
share (Fig.1a). It happens due to different soil deformation caused by the stresses
acting there in certain time and evokes a different rate of deformation at the left

and the right side of the clod (£/(£"). At the right side of clod, in the plastic and

elastic areas, the value of stress tensor is higher than at the left side. It happens
because the right side of the clod is thicker and the soil particles go up there
steeper to the moldboard then at the left side.

Fig. 5. Inclination of the biggest main stresses in the active and passive states.

The process of this action as well as the stress and pressure in the soil mass
engaging the plow bottom is not yet satisfactorily known [10]. Some magnitude
of deformation’s rate difference between the two sides of clod in the mentioned
area can only be assumed. Then we can write a relation of clod rotation (@)
around the temporary point O, located at the distance ry” from the end of the
shear (Fig. 1a):

v '"sinAd v'sind
A = [ - (LI - [l - tt s (28)
ry rf + b +b,

The values v,’ and v,” stand for the speeds of clod particles moving in the planes
coinciding with the right and left wall of clod whereas v 'sind, v "sin4,,

are interrelated with the eq. (23a), replacing there v, by v." or v."". The value A
stands here for the inclination angle of the resultant speed v =Iu !’I against the z-

axis and it can be described by the following formula:
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Fig. 6. Comparison of triaxial sample deformation with subsoil deformation in elastic area: a -
sample compression in triaxial apparatus, b — volume deformation of field element, ¢ — longitudinal
deformation in field.
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tgA = 872 29)
cos &

where y; is given in Fig.4, for the directrix line placed near the share-moldboard
junction. For example assuming y, = 38°, € = 25°, one gets Ao = 42°, Next assum-

b

ing:v, =0.7 e ,0', =09 ﬁ, b, =03m, b +b] = Y = 0.485m we can
5 5

siny,
get i/ =1.7m, o_=0.28 s"'. It amounts to about 9% as compared with @, =
3.15s" (see eq.(27)).

During the deformation process a clod element, being placed at the center of
clod’s cross-section B (Fig. 8), has the velocity v, which later changes its value
and its direction. At the beginning it had the value v and the initial direction

represented by some unit tangent vector ¢, (Fig.8). It changes its direction for

any other direction represented by unit vector e.g. ¢, (point B). Those unit vectors
being tangent to a motion trajectory at a certain moment, for the element being
considered, together with other unit vectors (n - normal, b - binormal) make a
base of unit vectors, characterizing a spatial curve [7,18,47].

In our case the initial direction of the unit vector £ is parallel to the plow
velocity but oriented in the opposite direction. In the area of soil deformation, that
unit vector, presenting the direction of soil particles’ motion, changes its direc-
tion. We assume, that just after beginning the tangent unit vector ¢, still repre-
senting the direction of the velocity vector of soil particles v, = -u,, is parallel to
the side edge of the plow bottom. It defines the initial inclination angle A, (eq.
(29)) of the soil particle velocity in reference to the generating lines (measured of
course on the plow bottom surface).

Two other unit vectors (n, b,) describing the flexion (bending) and torsion of
soils’ particles trajectory line, being a part of some degenerated screw line, are
combined with the f, vector. The angle A, changes its value (together with the
unit vectors - 1,n,b) for another value A dependent on the point being considered
and the time of process duration, which is presented in Fig. 8 and inFig.1a - point
P. In order to describe this process some equation of soil particle motion trajec-
tory ought to be found, which is done in the next chapter.

However, there are additionally given formulas describing the components
of velocity vector v, for some radius r changing its value and direction, laid down
in a rectifying plane [10,18,47]. It is traced by the tangent unit vector ¢ and the
unit binormal vector b, for a certain point P (Fig. 1a) of the trajectory line (s). The
component of velocity vector paralel to the z-axis is:



shearing planes
in element
enlarged

Fig. 7. Clod formation: a - side view, b - projection C - C,
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v, =UCcosA. (30)

According to our assumption during the clod’s element translation it is not
changing its value due to soil deformation in the elastic and plastic areas. The
component velocity vector in the S-direction is:

vy =UsinA. (31)

It changes its value according to the relation (25) for a certain radius r. The angle
A decreases its value due to different velocity of particle motions at the right and
left side of the clod. This phenomenon is described by the vector of clod rotation
@,, expressed by eq. (28). Thus the range of decrement of the A angle (in elastic
and plastic areas) is given by following formula [41]:

A=2,-ai-1,), (32)

where A is given by the eq. (29), ¢ is the time of plowing process from the begin-
ning of process 1,. The time r of the plowing process for a certain soil particle
depends on its position i.e. the distance z, (Fig. 2a), at the beginning (¢ = #,) from
the directrix plane (z = 0) traced by points O0,C (Figs. 1a, 2a). Thus, the time 1,
is the so-called lag-time, for a certain particle, laying just above the share edge, at
the distance z, from the directrix plane; assuming the sign for zy:

ZH

v, COS¥,

(33)

E

Taking into account the position of another point e.g. point R (Fig. 7¢) in the
plane z = 0 for the distance lg, from the plastic area at depth ag the delay time is:

b —ag ctg(45" - %J

v, siny, v, siny,

Il

IR - (3321)

Thus the total lag-time necessary to pass the part of soil being considered, repre-
sented by point R (Fig.7e) located at the distance z; from the directrix plane ef-
fectively engaged in the plowing, process is to be equal to:
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Fig. 7. (Cont.): ¢ — projection A — A, d — action of side edge cross section K - K (sce Fig. 7a), ¢ -

Mohr's ciccles M pL, N paints D and Ly (see Fig. 7g).
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For some points (left upper part of the clod) it can have a negative value, but
a positive one for points placed right and near from the bottom of the furrow. The
clod particle motion behind the plastic area (post-plastic length /,, - Fig. 7e) is not
exactly known. For that reason it is to be considered in the same way as at the end
of the plastic area, i.e. the clod speed vy, = vy (Fig. 8) and rotation @, (eq. (28))
are the same along the trajectory length /,,. However the speed components
change theirs values, dependent on the angle according to the formulas (30) and
(31), and this component is related here to the clod’s central line:
v, =0__COSA, (34)

pp spp

Ugpy =V, SINA. (34a)
Rotation speed around the z-axis changes its value along the trajectory line
depending on the time ¢ which is given by:

Aaw,,(t)=w,(t)- @,,, < 0,for{v,:@,()<w (34b)

zep }
In this equation @, is the clod particle rotation speed at the end of the elasto-
plastic area (point k, Fig. 8, eq. (27)). Then the following relation gives the rota-
tion speed:

Av
w,)=a,,+ Am;‘,”, =, - = 9 =
e (35)
T
=@, ——sin[d, - AL -, (t-1,)]

Teom
where Ad, =@ _(t, —1,).
is the difference between the angle A (eq. (32)) and the angle A, related to the

point k whereas @, =@, and the radius ry,, = r; can be often taken constant for
post-plastic area. The time interval ¢ — ¢, equals to:

.S'(f) "'Sk (tk)
7 y

I

At =t-t, =

r (35a)

where s(1) = 5 is a trajectory line described later and v, (eq. (26)) ~ velocity of a
chosen particle. Considering above the formula (35) takes the form:
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Fig. 7. (cont.): f — Mohr's circles M oL for the vertical plane CL,' cf. Fig. 7c), g — clod separation

cross section B - B, h — cutting edge cross section J — J (see Fig. 7b).
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w
~Zegin(a, - AL, — = As ], (36)
. v

!

@, (s)= @,,,

L)

where As,. = s - 5, is any optionally chosen trajectory length which can be divided
into few parts for the calculation reason.

Sometimes, for simplification, the clod motion is related to the clods central
line within the time of clod-implement contact from point M. to the end E (Fig. 8)
as a unity motion conserving all plowing parameters existing at the end of the
elasto-plastic area. Now we introduce a parameter

u=8-%=w,(t—1), (37

where the index “0" refers the & and r values to the beginning of the process

whereas the value @, (eq. 27) is related to the symbols @, (see egs (35), (36))
and to the centers of the clod cross-sections. Assuming

L2h, A4 =20, o,,z0, (37a)
we can receive:
v, . w
@, =0, ——<sin[4, - —%As,]. (37b}
rl’ U:

The time necessary to obtain a position & by a clod’s part is:

g-8,

HEE 1. (37¢)

m

The angle Jrelated to the lag-time 1oz (eq. (33b)) is defined by:
Sr E @005 - (37d)

Then the angle A in the post-plastic area is described by:

@,
Ap=ANz2hh-w,,0t-1)=4——"(F-5). (38)
@

m
However the angle & measured and determined from eq. (35) for an cho-
sen position (e.g. &= $(¢,) in Fig. 7e) including the elasto-plastic area is given
by the formula:
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() = sz,pdt+ J.mw,dt =9(t,) - 9(t,) +

+U‘

{cos[4y — A4, —w,,, (1 =1, )] —cos(A, — A4, )}

rka)‘.m,

(38a)

After consideration of the eq. (35a) one receives the 2 value as the function of the
trajectory length s:

wz: U
= E[s, (1, ) = 5o(ts )]+ ——{cos[4, — A4, —
& i (38b)
.
- —U‘ﬂ(s -5, (£, N}—cos(A, — A4)]}

I

Hs)=

Additionally, some aspects of clod bending and twisting should be consid-
ered here. Practically, the clod possesses bigger rotation ay,, than it had been
received at the end of the plastic area. Then the effect of clod bending is stronger,
therefore, the clod can even drop down if soil is dry, sandy and plowed at a low
speed. For that reason it is reasonable to introduce some additional coefficient
exposing the intensity of clod bending upon the moldboard. Any relation can e.g.

have the form of bellows and for the new coefficient previously denoted @, (see
eq. (28)):

AA

— L
- _At EK,D, . (39

re

@

The coefficient x;, represents certain average value and it is always bi-
gger than 1; usually 1.5 up to 2.5 or more (dry sand). The cled in that area is again
in the elastic state (lesser tension) and behaves in such a way that its shape is go-
ing up monotonously to the end of the moldboard surface and than drops down to
the furrow. After that moment the problem is left unconsidered. The next problem
of our consideration is the trajectory line of the clod’s motion.



Fig. 8a. Clod motion over plow botiom.



Fig. 8b. Change of particle velocity on the share edge.

MOTION TRAJECTORY OF CLOD PARTICLES

The moving clod, as mentioned before, has, in the elastic and plastic areas,
bigger speed on the left side, as compared with the right side, caused by soil de-
formation, which produces additional clod rotation @, (eq.(28)). Assuming the
same rotation, with eventual small correction for the whole clod’s movement over
the plow bottom calculated for the final moment of plastic state (curve L;D,J in
Fig. 7g) it is possible to write an equation of soil particle motion. Without the
rotation @, it would be a screw line, similar to that appearing during soil boring
with a bore [40], but slightly deformed by the shape of implement surface, gener-
ally being not cylindrical.



AV'=AVS +AV +AVEvY,  LOWST

tg a,=sin A tg €

AVy, Zv,sin o tg €,=cos A tg €

AV, =v,C08 0-V,=AV, -t
AV} =AVE, -COS &,
AV =AVs, -Sin €,

Fig. 8c. Velocity calculation.
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Such screw line can be described by a vector equation written in the cy-
lindrical coordinates Opr9z defining the radius vector Fp for a certain particle P

being in motion over the implement surface (Fig. 1a):

T, = r(9, z)cos[a)z (t -1, )]i' + r(.9, z)x
X sin[a)z (t- !, )]}' +b, [a)z (e-t, )]I'c'

where r(9z) is the radius of implement surface described by eq.(6) or (6a),

(40)

f, },k denote unit vectors for Cartesian system Orx;xzx5, @, - angular velocity of
clod’s element, expressed by eq. (27), b, - coefficient characterizing a stroke of

screw line, ¢ - time referring to the events combined with certain soil particle,
placed at the beginning (¢t = 0) at the depth a, at a distance z, from the directrix
plane O, CDy, (t, is lag-time expressed by eq. (33)).

Thus, the formula above is valid for the chosen particle P, (Fig. 2a) ap-
proaching the share at the lag-time to. In such a case the trajectory line (s) would
intersect the generating line (1) at some angle A (eq. (32)) or 4,, (eq. (38)) having
the initial value A, (eq. (29)) just at the moment when the soil particle is engaged
in the plowing process. But due to clod rotation @, (eq. (28)), the angle A still
decreases its value according to the mentioned formula (eq. (32) or (38)). This
fact causes that the b, factor is changed into a new one:

b, =rctgld, ~w,(t-1,)] (41)

giving a new equation of the motion trajectory (degenerated screw line) traced
upon the implement surface and written in vector form as follows [41]:

F, = reos[w, (¢ —1, )f + rsinfw (¢ -1, )]7 +
+ rCtg[ﬂ‘" - wc (t - tﬂ )k’z ([ - tﬂ )E

where r = r(9z). That equation can also written in components. Using the system
of Cartesian coordinates Orx;x,x; one obtains the components of the radius vector
of trajectory line:

(42)

x, =reosw,(t-1,),
%, =rsinw,(t-t,), 43)

x3 = rCtg[j’ﬂ - a)t.‘ (t - tﬂ )k)z (t - t(! ) = U.‘I’ COS[AIJ - a)C (t - tﬂ )](t - tﬂ )’
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where

@,(t-1,)=9-9, (43a)
is an angle presented with details in Fig. 7g (eq. (34a)) and
ro, =v, =uv,sind,. (43b)

The Cartesian components above can be transformed into another system of
coordinates depending on the needs as they appear. Those equations are in force
for a chosen clod’s particle (e.g. P, Fig. 1a) adjacent to the implement surface
during motion. For any other particle (e.g. R - Fig. 7g), removed at the beginning
for some distance ag from the furrow’s bottom (implement surface), a similar
formula is in force, but the radius r ought to be replaced by another one: r;z = r -
ag. The value for by, (eq. (41)) should also be sometimes corrected due to abrupt
»climbing” of particles caused by clod deformation (swelling).

Additional specific features concerning the plowing problem are not dis-
cussed here. Making the use of the equation (43) it is possible to find the compo-
nents of the velocity, acceleration and then the inertial forces acting upon certain
clod particles having certain mass. For that purpose it is convenient to introduce a
natural system of coordinates (£,7,£") adjusted to the trajectory line s (Fig. 8) for
any point having three unit vectors: normal - n, tangent - ¢, binormal - b, [20, 30],
moving with the point being considered. In that case the vectors of particle speed
and acceleration lay down in the osculating plane, traced by tangent and main
normal, and at the same time being perpendicular to the binormal of the system
being discussed.

In such system of coordinates, the speed change defined by acceleration (a)
and time (4f):

Av = alt (43c)

can be decomposed into two components. One of them is complied with tangent
line but another one is perpendicular to the previous one. On that base one can
receive a formula for the tangent acceleration of soil particle [20, 30]:

dv
a =— (44)
Yoodt
and for the normal acceleration:
a, ==, (44a)
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where v = v, (eq. (26)) is the speed of soil particle, p - radius of trajectory curv-
ing point at a certain point to be defined further. A geometrical sum gives the

resultant acceleration:
2 2
a=-la +a, . (43)

According to our previous assumption, the speed v, behind the surface L,’K"
K”L,” (Fig.1a), has an inclination angle y (eq. {32)) and the clod is in constant
rotation @, (eq. (28)) along the trajectory length [, (Fig.7¢). It also has a constant
speed v = vy, calculated on the base of eq. (25) where, for the valve § the corre-
sponding value &,,, suitable to the length

ll'I,vm'r = rm'gpm = af (453)

(depth of plowing), ought to be introduced:

2
&r.p
2 - !
U,, =U,.(COS y2+{smy2— ;"’"} (46)
r

where r,, is the mean radius of clod’s cross-section {cf. eq (26)).

Thus the tangent acceleration, within the trajectory length [, is equal to zero
(a, = 0), and therefore the normal acceleration a, = a. For another value of the
radius r a proper value of the length of the plastic area ought to be introduced. It
should be noted that the influence of some alternation for the resultants of the
radius describing the implement surface (r = r; + dr;’ see Fig. 3), has not been
taken into account here. The only assumption made was r = r, receiving a lot of
simplification and not spoiling the results of calculation to much. In a case of
some broken bottom (screw-shaped) for tough soil where complete clod’s turning
is desired, the implement radius alternation ought to be taken into account. The
speed vy, obtained here can be accepted as a medium speed for the entire length
of the trajectory starting from the beginning (B, in Fig. 7g) up to the end (point E,
Fig. 8), simplifying the calculation problem:

lmﬂE = lm = %le +lpm + lpp ’ (47)

To make the formula (44a) most useful, the radius p of trajectory curvature
should be calculated applying the following procedure. Let us introduce a new
parameter u (eq. (37)) and the factor b, (eq. (41) to the eq. (42). Then the motion
trajectory for the particles moving over the implement takes the form:
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7, = rcosui +rsinug +b,uk (48)
where: r = r(:3z} is described by eq. (6} or (6a), but here, for simplicity, is treated

as being constant. The length of such curve is calculated after respecting x; (eq.
(43)) is expressed by [18,47]:

"
s=|
o

Introducing relation for it (eq. (37) and relation for @, (eq. (28)) in the following
form:

du

dr )
L ‘du = _[ r* + b2 du (49)

o

0
- A=
W, = Poc = Pox L . (49a)
t—t, t—1t,

where @, , 402, denote angles related with the rotation @, and assumed to be
constant. Combining the time (¢ — ;) with eq. (43) we can get:

xy =z=reiglly — (@, —@, ) I(I-9,) (49b)

Inserting of the factor b, into eq. (49) gives after integration:

s(u) = ril1+ctg’[A - (@, — @2 )] u=— e (49c)
I o sin[d, — (@, —@,,)]
Combination of eqgs (270 and (49a) gives:
@
g-4 =—= (9%, - quc) (50)
@

[

Replacing the parameter u in eq. (48) by the length s one ought to use the
following relation:

u =u=.9—:90'_—'-:s(u )=C 5, (50a)
£

=
C, A (i) (50b)

where
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is the coefficient whereas the inversion of the length s(uz) corresponds to the last
point of the curve considered for the parameter uz and the angle & corresponds to
&s), (eq.38b).The trajectory equation related to its length is:

F, =rcosc,si +rsinc,sj +b,c,5k (51)
where b, (eq. (41) is now:
b, =b,,(s)=regld, — (@, — @)1 (51a)
Introduction of the coefficient //s(ug ) into the last equation gives:
7, = rcos——1I +rsin—j+b, —F, (52)
Sok Sog Soe

where 5oz = s{ig ) denotes the entire trajectory length.
Any position of the chosen point passing through the centers of the clod
cross section can be obtained from the formula:

s{t—10) = vyt — 1), (53)

where u; is satisfactory defined by eqs (26) or (46), t is the time of the process
duration and / is the lag-time (eq. (33)). Any speed of other clod's point R (Fig.
7g) can be estimated using the formula:

r—(a,—a,)
U:R = Kuv.s z(.'t ! (5351)
r

where u(zp) denotes the speed of the soil particle being at the distance z, from the
directrix plane, x is a coefficient usually close to | whereas a; , ax are shown in
Fig. 2a.

Similar problem concerns the change of speed of the clods particles caused
by the clod’s rotation @, (eq. (28)). Using the coefficient «,, (eq. (39)) and ne-
glecting clod’s destruction some new relations can be obtained. From

Ab, = Ab =0 (53b)
it follows:
b =b +b, (53c)
(Fig. 1a), as well as from

,=b, -z, (53d)
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one obiains

R =r +b, +z,. (53e)

Then one can write the relation for the change of the speed caused by the
rotation @, producing the higher soil deformation at the right side of the clod as
compared to the left one:

il (¢ )
Us(ZO)EKppUC —— sin A, (53f)

4 [
where v’ calculated from the equation (26) is used in the equation (28) whereas
re. b, zp' are presented in Fig. 1a.
These formulas are sufficient for the first approximation of values. For
example in the case of data similar as before (Figs 6b, 4b and 8):

[, =0.054m, r,=028m, v,=125m/s @, =w, =3.155",

(53g)
o, =028s", A, =42°, b, =03m, K, =o2s
3.15
Place of the start of the process is:
! I 0.054 :
'902_ ‘98+l_= =S 15”+"—_—_]80 5190 (53h)
r 20028 =«

(see Fig. 7e), with the rate: & = éwi"" = 2.48 1/s (compare Fig. 6b} in a point
which is presented in details in a sequence of graphs (cf. Fig. 4b and Fig. 8):

b
9=9, =8 —arcsin 2—f =60° —arcsin0.54 = 60" =33 =27, §, =60"
r

and Ag = 0. (see Fig. 4b). The parameter u is equal: ipe= 27°+ 19° = 0.8 rd. Thus,
the trajectory length (measured in the center of clod cross-section) is:

2 "
ERT {COS e ~1=cos* 36" +%arcsin cos’ 36"} =1.56m. (53i)

=021 2

In order to study the problem of clod flow over the plow board more pre-
cisely, it is necessary to know some feature of motion trajectory of soil particles.
It is possible to do so by applying for those purposes certain Frenet’s formulas (7,
18, 47]. The first unit vector defining the curve in a space is the tangent unit vec-
tor:
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(]

f=—t=f .~ _.'" , (54)
ds du dt rer)
where r, denotes the radius vector (eqs (40, 42))
& (54a)
r=——, a
" du

u is the parameter (eq. (37)) and s — the length of the curve. The second unit vec-
tor is a normal vector defining any curve flexion:

1 dr dr dz-,, df‘ r?

F = :{;.Z = ds ds - (r2 s bzm)z ] (54b)

where: p is the first radius of curvature, b,, (eq. (41)} denotes a changing factor
and r is the radius defined by eqs (6) or (6a). Here the relation:

£
ds

(54¢c)

represents the unit normal vector. The third unit vector discussed here is the bi-
normal unit vector defined as a vector product of two previous ones:

b=fxii ar, 4T, (54d)
=1 % = —
T3° ds ds*

A relation for the second curvature, i.e. the torsion of the curve is defined by
the following mixed vector product:

1 [a’r d’F, d’r,,]_ d’F, d{ @, 4, } _db

TP s as ds |T P st as|Pds f e |T s O

For our trajectory line it equals, at a certain point:

1 b
- o 55a)
T r'+ bf,, (

where 7 stands for the second radius of curvature. The third curvature is defined
by the Lancret’s formula:
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--(2)
kz-pz"'rz" 7T (55b)

For another soil particle, removed from the implement surface for a distance
ar (Fig. 7e), another value, adequate for the point being considered, should be
given taking also into account some distance z, from the directive plane defining

the lag-time £, (eq. 34b). Using the above formulas together with the equation
(52) and neglecting 2-nd derivative

d’b,

we can change the formula (54) for the unit tangent vector in the Cartesian coor-
dinates system Ogx,xzx; with the unit vectors i,j,k (Fig. 8) into the form:

f=——tsin—_—7 + - cos—> J+[b Ldb“"ms—]l.(:.. (56)

i
Sog Sog Sog Sog Seg QS Sop

dt dt dt
We can calculate the scalar product d__ introducing — to the formula (54b)

s ds ds
then after transformation and simplification eq. (54c) reads:
= ]. bl == o _— db =
n= { rcossz—rsmsj+2 =k} (57
r? db. \* Soe  Soe  Sor  Soe ds
- = + 4 mn
i ds

Putting the time interval ¢ - £, from (53) into (41) and replacing @, by Depp
one obtains a new dependence:

b, =rctg(d, ~o,, Ui), (58)

k)

where the value;

M) = Ay = gy (58a)

db
stands for the previous A4,, (eq. (38)). The factor b, and its derivative (d—"')
5

should be inserted into eqs (56) and (57) giving new formula for the unit vector b:
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/i
b=1xii = o {[2db’" cos— +(b’" b db’")x
i+4(.fi_bi'l.)2 & Sor  Sog  Sop dS
s ds (59)
xsmi‘ﬁ+[2db‘" sin— —(b’“ = db‘")cos Ly L
SoE ¥ Sog Soci sope ds 7 /8 Sor

These formulas allow to calculate some values related with clod points
being considered here. The calculation results are presented beneath. Putting «,,=
2 one obtains @, = 0.56 s”' and other data related to the clod’s central line pass-
ing through the point B, (replaced by point B, (Fig. 7e) for z = 0. The results for
the beginning point (initiation of process) after some approximations can easily be
calculated as follows:

1
a, =—
=~ 7
(estimating Ada, = 0.04 m (eq. (24d)), for = top = 0.044 s (relatively to the point
O, (eq. (33b)), Ao = 42°, by = 0.292 m, pg; = 0.502 m (eq. 54a), 75; = 0.561 m
(eq. 55a).Similar data for the end of the elasto-plastic area (point By) take the
values: the time of the particle presence in this area (respecting eqs (27) and (32))
is: T,pk =t — lopr = 0.20s, Agk = 35570, b_mgk= 0.391 m, Par = 0.826 m, T =
0.591 m. Finally the data for the end of the process (point E Fig. 8) can be pre-
sented in the following way:

Sop =0.36m, (eq.(49a)), t,. =0.288s, (eq.(53)),
A, =3237°b,,=0442m, p, =0978m, 7,=0.619m

an,

af=0.]m,1RE%(af-i-Aac):O.lZm (59a)

(59b)

The normal acceleration (a, , eq. (44)) has for certain points the following values:
in the point of the beginning (point B;) when

vo=v, 20, =142, a, =331%, (59¢c)
' s s

in the point By (when v, = 1.25 m/s) a,z = 1.98 m/s?, and finally at the end (point
E, v = v} a,= 160 m/s®. This acceleration creates some inertial forces de-
pendent on masses involved in the motion, which will be studied in the next paper
dealing with the dynamic effects and volume deformation of plowed soil.
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PLOWING THEORY

Summary

Plowing is the most complicated and energy consuming tillage process in
agricultural soils. One of its main goals is to obtain a soil bulk density optimal for
the growth of plants. The plowing problem has been considered theoretically in
the present paper and it was assurned that the clod undergoes four loading proc-
esses during plowing. Two of them are bending deformations whereas the other
two can be represented by rotations. Different moldboard shapes (circle, ellipse,
parabola and hyperbola) are assumed and the moldboard shapes together with the
plow bottom action, soil mass deformation, clod formation and motion over the
moldboard are introduced in the form of the kinetic equations. They can be used
for the prediction of dynamical effects and volume changes resulting in the pre-
diction of the final bulk density. Theoretical consideration have been illustrated
using figures and experimental data.

Keywords: soil mechanics, soil plowing, soil dynamics, tillage

TEORIA ORKI
Streszczenie

Orka jest najbardziej skomplikowanym i energochlonnym zabiegiem
uprawowym w rolnictwie, Jednym z jej glownych celéw jest uzyskanie gestosci
objetosciowej gleby optymalnej dla wzrostu i rozwoju roglin, W pracy rozpatrzo-
no problem orki w sposdb teoretyczny i zalozono, ze skiba podlega czterem pro-
gramom obcigzenia w trakcie orki. Dwa z tych obciazen sa odksztalceniami pole-
gajacymi na zginaniu, a pozostale dwa mogg by¢ przedstawione jako obroty. Za-
lozono rézne ksztalty odktadnic (koto, elipsa, hiperbola i parabola) i przedstawio-
no réwnania kinetyki dzialania pluga, odksztalcenia osrodka glebowego, tworze-
nia si¢ skiby i jej ruchu po odkiadnicy. Moga one by¢ wykorzystane do przewi-
dywania efektéw dynamicznych i zmian objgtosciowych prowadzacych do prze-
widywania koricowej ggstosci objetosciowej. Rozwazania teoretyczne zostaly
zilustrowane przy pomocy rysunkow i danych eksperymentalnych.

Stowa kluezowe: mechanika gleby, orka, dynamiica gleby, uprawa roli.
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